Abstract. Let S be a nonexceptional oriented surface of finite type. We show that a Radon measure on the space of measured geodesic laminations which is invariant under the action of the mapping class group and gives full mass to the recurrent laminations coincides up to scale with the Lebesgue measure. We also construct an uncountable family of probability measures on the space of area one holomorphic quadratic differentials over the moduli space for S containing the usual Lebesgue measure. These measures are invariant under the Teichmüller geodesic flow, and they are mixing, absolutely continuous with respect to the stable and unstable foliation and exponentially recurrent to a compact set.
Introduction
Let S be an oriented surface of finite type, i.e. S is a closed surface of genus g ≥ 0 from which m ≥ 0 points, so-called punctures, have been deleted. We assume that 3g − 3 + m ≥ 2, i.e. that S is not a sphere with at most 4 punctures or a torus with at most 1 puncture. We then call the surface S nonexceptional. Since the Euler characteristic of S is negative, the Teichmüller space T (S) of S is the quotient of the space of all hyperbolic metrics on S under the action of the group of diffeomorphisms of S which are isotopic to the identity. The smooth fibre bundle Q 1 (S) over T (S) of all holomorphic quadratic differentials of area one can naturally be viewed as the unit cotangent bundle of T (S) for the Teichmüller metric. The Teichmüller geodesic flow Φ t on Q 1 (S) commutes with the action of the mapping class group M(S) of all isotopy classes of orientation preserving self-homeomorphisms of S. Thus the flow descends to a flow on the quotient Q(S) = Q 1 (S)/M(S), again denoted by Φ t .
Let ML be the space of measured geodesic laminations on S, equipped with the weak * -topology. A measured geodesic lamination can be viewed as an equivalence class of measured foliations on S [L83] . Therefore every holomorphic quadratic differential q ∈ Q 1 (S) defines a pair (µ, ν) ∈ ML × ML where the horizontal measured geodesic lamination µ of q corresponds to the horizontal measured foliation of q which is expanded under the Teichmüller flow, and where the vertical measured geodesic lamination ν corresponds to the vertical measured foliation which is contracted under the Teichmüller flow. Call a measured geodesic lamination µ ∈ ML recurrent if there is a quadratic differential q ∈ Q 1 (S) with horizontal measured geodesic lamination µ and there is a compact subset K of Q(S) with preimageK in Q 1 (S) such that {t > 0 | Φ t q ∈K} is unbounded. The mapping class group M(S) of S naturally acts on ML as a group of homeomorphisms preserving a Radon measure on ML in the Lebesgue measure class which gives full measure to the recurrent laminations. Up to scale, this measure is induced by a natural symplectic structure on ML (see [PH92] ). Our first result shows that the action of M(S) on the cone of measured geodesic laminations has rigidity properties which are similar to the properties of the natural linar action of SL(2, Z) on the plane R 2 (see the beautiful book [BM00] of Bekka and Mayer for a detailed account on rigidity results for the linear actions of lattices in SL(2, R) on the plane R 2 ).
Theorem A: An invariant Radon measure for the action of M(S) on ML which gives full measure to the set of all recurrent measured geodesic laminations coincides with the Lebesgue measure up to scale.
As for the linear action of SL(2, Z) on R 2 , our result can be translated into a statement about Radon measures on the space Q(S). Namely, for a quadratic differential q ∈ Q 1 (S) define the unstable manifold W u (q) ⊂ Q 1 (S) to be the set of all quadratic differentials whose vertical measured geodesic lamination is a multiple of the vertical measured geodesic lamination for q. Then W u (q) is a smooth submanifold of Q 1 (S) which projects homeomorphically onto T (S) [HM79] . Similarly, define the strong stable manifold W ss (q) to be the set of all quadratic differentials whose horizontal measured geodesic lamination coincides with the horizontal measured geodesic lamination of q. The sets W u (q) (or W ss (q)) (q ∈ Q 1 (S)) define a foliation of Q 1 (S) which is invariant under the mapping class group and hence projects to a foliation on Q(S) which we call the unstable foliation (or the strong stable foliation). Theorem A then implies that a family of Radon measures on the leaves of the unstable foliation of Q(S) which is invariant under holonomy along strong stable manifolds and which gives full mass to the quadratic differentials with recurrent horizontal measured geodesic laminations coincides up to scale with a distiguished family of Lebesgue measures λ u .
The measures λ u are conditional measures on unstable manifolds of a Φ t -invariant probability measure λ on Q(S) in the Lebesgue measure class which was independently constructed by Masur [M82] and Veech [V86] . This measure is ergodic and mixing, and its metric entropy equals 6g − 6 + 2m (note that we use a normalization for the flow which differs from the one in [M82, V86] ). Recently Avila, Gouëzel and Yoccoz [AGY05] established that the measure λ is even exponentially mixing, i.e. exponential decay of correlations for Hölder observables holds. The proof of this result uses the fact, independently due to Athreya [A05] , that the Teichmüller flow is exponentially recurrent to some fixed compact set, i.e. there is a compact set K ⊂ Q(S) and a number c > 0 such that λ{q | Φ t q ∈ K for all t ∈ [0, T ]} < e −cT /c for every T > 0.
The second goal of this paper is to construct a subshift of finite type (Ω, T ) and a Borel suspension X over (Ω, T ) which admits a semi-conjugacy Ξ into the Teichmüller flow. The images under Ξ of the flow invariant measures on X induced by Gibbs equilibrium states for the shift (Ω, T ) define an uncountable family of Φ t -invariant probability measures on Q(S) including the Lebesgue measure. We summarize their properties as follows.
Theorem B:
There is an uncountable family of Φ t -invariant measures on Q(S) including the Lebesgue measure which are mixing, absolutely continuous with respect to the strong stable and the unstable foliation and which moreover are exponentially recurrent to a compact set.
The organization of the paper is as follows. In Section 2 we review some properties of train tracks and geodesic laminations needed in the sequel. In Section 3 we use the curve graph of S to show that the restriction of the Teichmüller flow to any invariant compact subset K of Q(S) is a hyperbolic flow in a topological sense. In Section 4 we construct a subshift of finite type and a semi-conjugacy of a Borel suspension over this shift into the Teichmüller flow. This is used in Section 5 to show Theorem B. Section 6 contains the proof of Theorem A.
Train tracks and geodesic laminations
In this section we summarize some results and constructions from [PH92, H06a] which will be used throughout the paper (compare also [M03] ).
Let S be an oriented surface of genus g ≥ 0 with m ≥ 0 punctures and where 3g − 3 + m ≥ 2. A geodesic lamination for a complete hyperbolic structure on S of finite volume is a compact subset of S which is foliated into simple geodesics. A geodesic lamination λ is called minimal if each of its half-leaves is dense in λ. Thus a simple closed geodesic is a minimal geodesic lamination. A minimal geodesic lamination with more than one leaf has uncountably many leaves and is called minimal arational. Every geodesic lamination λ consists of a disjoint union of finitely many minimal components and a finite number of isolated leaves. Each of the isolated leaves of λ either is an isolated closed geodesic and hence a minimal component, or it spirals about one or two minimal components [CEG87, O96] . A geodesic lamination is maximal if its complementary regions are all ideal triangles or once punctured monogons.
A measured geodesic lamination is a geodesic lamination λ together with a translation invariant transverse measure. Such a measure assigns a positive weight to each compact arc in S with endpoints in the complementary regions of λ which intersects λ nontrivially and transversely. The geodesic lamination λ is called the support of the measured geodesic lamination; it consists of a disjoint union of minimal components. The space ML of all measured geodesic laminations on S equipped with the weak * -topology is homeomorphic to S 6g−7+2m × (0, ∞). Its projectivization is the space PML of all projective measured geodesic laminations. There is a continuous symmetric pairing i : ML × ML → [0, ∞), the so-called intersection form, which extends the geometric intersection number between simple closed curves.
A maximal generic train track on S is an embedded 1-complex τ ⊂ S whose edges (called branches) are smooth arcs with well-defined tangent vectors at the endpoints. At any vertex (called a switch) the incident edges are mutually tangent. Every switch is trivalent. Through each switch there is a path of class C 1 which is embedded in τ and contains the switch in its interior. In particular, the branches which are incident on a fixed switch are divided into "incoming" and "outgoing" branches according to their inward pointing tangent at the switch. The complementary regions of the train track are trigons, i.e. discs with three cusps at the boundary, or once punctured monogons, i.e. once punctured discs with one cusp at the boundary. We always identify train tracks which are isotopic.
A maximal generic train track or a geodesic lamination σ is carried by a train track τ if there is a map F : S → S of class C 1 which is isotopic to the identity and maps σ into τ in such a way that the restriction of the differential of F to the tangent space of σ vanishes nowhere; note that this makes sense since a train track has a tangent line everywhere. We call the restriction of F to σ a carrying map for σ. Write σ ≺ τ if the train track or the geodesic lamination σ is carried by the train track τ .
A transverse measure on a maximal generic train track τ is a nonnegative weight function µ on the branches of τ satisfying the switch condition: For every switch s of τ , the sum of the weights over all incoming branches at s is required to coincide with the sum of the weights over all outgoing branches at s. The train track is called recurrent if it admits a transverse measure which is positive on every branch. We call such a transverse measure µ positive, and we write µ > 0. The space V(τ ) of all transverse measures on τ has the structure of an euclidean cone. Via a carrying map, a measured geodesic lamination carried by τ defines a transverse measure on τ , and every transverse measure arises in this way [PH92] . Thus V(τ ) can naturally be identified with a subset of ML which is invariant under scaling. A maximal generic train track τ is recurrent if and only if the subset V(τ ) of ML has nonempty interior.
A tangential measure µ for a maximal generic train track τ associates to every branch b of τ a nonnegative weight µ(b) such that for every complementary triangle with sides c 1 , c 2 , c 3 we have µ(c i ) ≤ µ(c i+1 ) + µ(c i+2 ) (indices are taken modulo three). The space V * (τ ) of all tangential measures on τ has the structure of an euclidean cone. The maximal generic train track τ is called transversely recurrent if it admits a tangential measure µ which is positive on every branch [PH92] . There is a one-to-one correspondence between the space of tangential measures on τ and the space of measured geodesic laminations which hit τ efficiently (we refer to [PH92] for an explanation of this terminology). With this identification, the pairing
is just the intersection form on ML [PH92] . A maximal generic train track τ is called complete if it is recurrent and transversely recurrent.
A half-branchb in a complete train track τ incident on a switch v of τ is called large if every embedded arc of class C 1 containing v in its interior passes througĥ b. A half-branch which is not large is called small. A branch b in a complete train track τ is called large if each of its two half-branches is large; in this case b is necessarily incident on two distinct switches, and it is large at both of them. A branch is called small if each of its two half-branches is small. A branch is called mixed if one of its half-branches is large and the other half-branch is small (for all this, see [PH92] p.118).
There are two simple ways to modify a complete train track τ to another complete train track. First, we can shift τ along a mixed branch to a train track τ ′ as shown in Figure A below. If τ is complete then the same is true for τ ′ . Moreover, a train track or a lamination is carried by τ if and only if it is carried by τ ′ (see [PH92] p.119). In particular, the shift τ ′ of τ is carried by τ . Note that there is a natural bijection of the set of branches of τ onto the set of branches of τ ′ .
Figure A
Second, if e is a large branch of τ then we can perform a right or left split of τ at e as shown in Figure B . Note that a right split at e is uniquely determined by the orientation of S and does not depend on the orientation of e. Using the labels in the figure, in the case of a right split we call the branches a and c winners of the split, and the branches b, d are losers of the split. If we perform a left split, then the branches b, d are winners of the split, and the branches a, c are losers of the split. The split τ ′ of a train track τ is carried by τ , and there is a natural choice of a carrying map which maps the switches of τ ′ to the switches of τ . There is a natural bijection of the set of branches of τ onto the set of branches of τ ′ which maps the branch e to the diagonal e ′ of the split. The split of a complete train track is maximal, transversely recurrent and generic, but it may not be recurrent. In the sequel we denote by T T the set of isotopy classes of complete train tracks on S. In this section we relate Teichmüller geodesics and the Teichmüller flow to the geometry of the curve graph C(S) of S. This curve graph is a metric graph whose vertices are the free homotopy classes of essential simple closed curves on S, i.e. curves which are neither contractible nor freely homotopic into a puncture of S. Two such curves are connected in C(S) by an edge of length one if and only if they can be realized disjointly. Any two elements c, d ∈ C(S) of distance at least 3 jointly fill up S, i.e. they decompose S into topological discs and once punctured topological discs.
By Bers' theorem, there is a number χ 0 > 0 such that for every complete hyperbolic metric on S of finite volume there is a pants decomposition of S consisting of 3g − 3 + m simple closed geodesics of length at most χ 0 . Moreover, for a given number χ ≥ χ 0 , the diameter in C(S) of the (non-empty) set of all simple closed geodesics on S of length at most χ is bounded from above by a universal constant only depending on χ (and on the topological type of S). An analogous result is also true for the singular euclidean metric on S defined by an area one quadratic differential. For such a quadratic differential q define the q-length of an essential closed curve α on S to be the minimal length of a representative of the free homotopy class of α with respect to the singular euclidean metric defined by q. We have.
Lemma 3.1: For every χ > 0 there is a constant a(χ) > 0 with the following property. For any quadratic differential q of area one on S the diameter in C(S) of the set of all simple closed curves on S of q-length at most χ does not exceed a(χ).
Proof: By Lemma 5.1 of [Bw02] , there is a number b > 0 and for every singular euclidean metric on S defined by a quadratic differential q of area one there is an embedded annulus A ⊂ S of width at least b. If we denote by γ the core curve of A, then the q-length of every simple closed curve c on S is at least i(c, γ)b. As a consequence, for every χ > 0 the intersection number with γ of every simple closed curve c on S whose q-length is at most χ is bounded from above by χ/b. This implies that the set of such curves is of uniformly bounded diameter in C(S) (see [MM99, Bw02] ).
As in the introduction, denote by Q 1 (S) the bundle of quadratic differentials of area one over Teichmüller space T (S). By possibly enlarging our constant χ 0 > 0 as above we may assume that for every q ∈ Q 1 (S) there is an essential simple closed curve on S of q-length at most χ 0 (see the proof of Lemma 3.2 for a justification of this well known fact). Thus we can define a map Υ Q : Q 1 (S) → C(S) by associating to a quadratic differential q a simple closed curve Υ Q (q) whose q-length is at most χ 0 . By Lemma 3.1, if Υ ′ Q is any other choice of such a map then we
where d is the distance function on C(S). Similarly we obtain a map Υ T : T (S) → C(S) by associating to a hyperbolic metric g on S of finite volume a simple closed curve c of g-length at most χ 0 . By the discussion in [H04] there is a constant L > 1 such that
Let P : Q 1 (S) → T (S) be the canonical projection. A more precise version of the following simple observation can easily be deduced from the work of Rafi [R05] .
Proof: By Lemma 3.1, it is enough to show that for every q ∈ Q 1 (S) and every simple closed curve α on S whose length with respect to the hyperbolic metric P q is bounded from above by χ 0 , the q-length of α is uniformly bounded.
For this observe that by the collar lemma of hyperbolic geometry, a simple closed geodesic α on a hyperbolic surface whose length is bounded from above by χ 0 is the core curve of an embedded annulus A whose modulus is bounded from below by a universal constant b > 0. Then the extremal length of the core curve of A is bounded from above by a universal constant c > 0. Now the area of q equals one and therefore the q-length of the core curve α of A does not exceed √ c by the definition of extremal length (see e.g. [M96] ). This shows the lemma.
By the Hubbard-Masur theorem [HM79] , for every point z ∈ T (S) and every projective measured geodesic lamination ν ∈ PML on S there is a unique quadratic differential q = q(z, ν) ∈ Q 1 (S) z on the Riemann surface z whose horizontal measured foliation defines the projective measured geodesic lamination ν. These quadratic differentials depend continuously on z and hence they define a submanifold W s (ν) of Q 1 (S) which projects homeomorphically onto T (S).
For a quadratic differential q ∈ Q 1 (S) the strong stable manifold W ss (q) ⊂ Q 1 (S) is defined as the set of all quadratic differentials of area one whose horizontal measured geodesic lamination coincides precisely with the horizontal measured geodesic lamination of q. The strong unstable manifold W su (q) is defined as F W ss (F (q)) where F is the flip z → −z. The map π : Q 1 (S) → PML which associates to a quadratic differential its horizontal projective measured geodesic lamination restricts to a homeomorphism of W su (q) onto the open contractible subset of PML of all projective measured geodesic laminations µ which together with π(−q) jointly fill up S, i.e. are such that for every measured geodesic lamination η ∈ ML we have i(µ, η) + i(π(−q), η) = 0 (note that this makes sense even though the intersection form i is defined on ML rather than on PML). By definition, the manifolds W ss (q), W su (q) define continuous foliations of Q 1 (S) which are invariant under the action of M(S) and under the action of the Teichmüller geodesic flow Φ t . Hence they descend to singular foliations on Q(S) which we denote by the same symbol. Veech [V86] showed that there is a family D of distance functions on strong stable manifolds in Q(S) such that for a set A of quadratic differentials which has full mass with respect to the natural Lebesgue measure [M82, V86] and every q ∈ A there is a constant c(q) > 0 such that
The following proposition is a modified version of this result. Namely, define a closed invariant subset K for a continuous flow Θ t on a topological space Y to be a topological hyperbolic set if there is a distance d on an open neighborhood V of K defining the subspace topology and a constant a > 0 such that every point z ∈ K has an open neighborhood U in V which is homeomorphic to a product U = U 1 ×U 2 and such that the following holds.
(1) For all y ∈ U 2 , all x 1 , x 2 ∈ U 1 such that (x i , y) ∈ K (i = 1, 2) and all t > 0 we have
We show.
Proof: Let as before χ 0 > 0 be such that every hyperbolic metric on S admits a pants decomposition consisting of pants curves of length at most χ 0 . Choose a smooth function σ :
, the number of essential simple closed curves α on S whose hyperbolic length ℓ h (α) does not exceed 2χ 0 is bounded from above by a universal constant not depending on h, and the diameter of the subset of C(S) containing these curves is uniformly bounded as well. Thus we obtain for every h ∈ T (S) a finite Borel measure µ h on C(S) by defining µ h = c σ(ℓ h (c))δ c where δ c denotes the Dirac mass at c. The total mass of µ h is bounded from above and below by a universal positive constant, and the diameter of the support of µ h in C(S) is uniformly bounded as well. Moreover, the measures µ h depend continuously on h ∈ T (S) in the weak * -topology. This means that for every bounded function f :
The curve graph is a hyperbolic geodesic metric space [MM99] and hence it admits a Gromov boundary ∂C(S). For c ∈ C(S) there is a complete distance function δ c on ∂C(S) of uniformly bounded diameter and there is a number κ > 0 such that δ c ≤ e κd(c,a) δ a for all c, a ∈ C(S). For h ∈ T (S) define a distance δ h on ∂C(S) by
Clearly δ h depends continuously on h, moreover the metrics δ h are equivariant with respect to the action of M(S) on T (S) and the Gromov boundary ∂C(S) of the curve graph of S.
Let T (S) ǫ ⊂ T (S) be the set of all hyperbolic structures whose systole, i.e. the length of a shortest closed geodesic, is at least ǫ. Let P : Q 1 (S) → T (S) be the canonical projection and denote by K(ǫ) ⊂ Q 1 (S) the collection of all quadratic differentials whose orbit under the Teichmüller flow Φ t projects to a Teichmüller geodesic entirely contained in T (S) ǫ . By Theorem 2.1 of [H05] and Lemma 3.2, there is a constant p > 0 only depending on ǫ such that for every q ∈ K(ǫ) the curve t → Υ Q (Φ t q) is a p-quasi-geodesic in C(S), i.e. we have
as follows. Recall that the Gromov boundary ∂C(S) of C(S) can be identified with the set of all (unmeasured) minimal geodesic laminations λ on S which fill up S, i.e. which decompose S into topological discs and once punctured topological discs [Kl99, H04] . If w ∈ K(ǫ) then the horizontal measured geodesic lamination of w is uniquely ergodic, i.e. it admits a unique transverse measure up to scale, and its support is minimal and fills up S [M82] . Thus for every v ∈ Q 1 (S) there is a natural injection
, and this map is continuous (compare the discussion of the topology on ∂C(S) in [H04] ). In particular, its image is a locally compact subset of ∂C(S). For y, z ∈ W su (v) ∩ K(ǫ), a chain from y to z is a finite collection
For such a chain c, write
and let d su (y, z) = inf{ρ(c) | c is a chain from y to z}. Note that by the properties of the distance functions δ h (h ∈ T (S)) the function d su is a distance function on W su (v) ∩ K(ǫ) which does not depend on v. Locally near v, the map ι v is uniformly bilipschitz with respect to d su and the distance function δ P v on ∂C(S). The resulting family d su of metrics on the intersection with K(ǫ) of strong unstable manifolds is invariant under the action of the mapping class group. Moreover, it is continuous in the following sense. If
Similary we obtain a continuous
ss of distance functions on the intersections with K(ǫ) of the strong stable manifolds.
Since for every y ∈ K(ǫ) the assignment t → Υ Q (Φ t y) is a p-quasi-geodesic in C(S) where p > 0 only depends on ǫ, we obtain from hyperbolicity of C(S), the definition of the metrics δ c , Lemma 3.2 and inequality 1 above the existence of numbers a > 0, b > 0 only depending on ǫ such that the flow Φ t satisfies the following contraction property.
(
Now the assignment which associates to a quadratic differential q its horizontal and its vertical measured foliation is continuous and therefore for every
Here ψ 1 (z) equals the quadratic differential in V 1 whose vertical measured geodesic lamination is a multiple of the vertical measured geodesic lamination of z with multiplicity e s(z) and where ψ 2 (z) equals the quadratic differential in V 2 whose horizontal measured geodesic lamination is a multiple of the horizontal measured geodesic lamination of z. Since M(S) acts freely on Q 1 (S) we may assume that the set U q projects homeomorphically to an open neighborhood Uq of the projectionq of q to Q 1 (S). The homeomorphism ψ defines a box metric ρ q on U q ∩ K(ǫ) by
by open sets U q1 , . . . , U q ℓ of the above form (q i ∈ K 0 (ǫ)). Let {f i } be a partition of unity for this covering and define a distance ρ on K 0 (ǫ) by ρ = i f i ρ qi where ρ qi is the projection of the box metric on a lift of U qi to Q 1 (S). The distance function ρ has the properties required in the definition of a topological hyperbolic set. The proposition now follows from the fact that K 0 (ǫ) ⊂ K 0 (δ) for ǫ > δ and that ∪ ǫ>0 K 0 (ǫ) contains every compact Φ t -invariant subset of Q(S).
Symbolic dynamics for the Teichmüller flow
In this section we use train tracks to construct a semi-conjugacy from a Borel suspension over a subshift of finite type into the Teichmüller geodesic flow.
Define a numbered complete train track to be a complete train track τ together with a numbering of the branches of τ . Since a mapping class which preserves a train track τ ∈ T T as well as each of its branches is the identity (compare the proof of Lemma 3.3 of [H06a] ), the mapping class group M(S) acts freely on the set N T of all isotopy classes of numbered complete train tracks on S.
If a complete train track τ
′ is obtained from τ by a single shift, then a numbering of the branches of τ induces a numbering of the branches of τ ′ in such a way that the branch with number i is large (or mixed or small) in τ if and only if this is the case for the branch with number i in τ ′ . Define the numbered class of a numbered train track τ to consist of all numbered train tracks which can be obtained from τ by a sequence of numbered shifts. The mapping class group naturally acts on the set of all numbered classes. We have.
Lemma 4.1: The action of M(S) on the set of numbered classes is free.
Proof: Let τ ∈ N T be a numbered complete train track and let ϕ ∈ M(S) be such that ϕ(τ ) is numbered shift equivalent to τ . We have to show that ϕ is the identity. For this note that there is a natural bijection between the complementary components of τ and the complementary components of ϕ(τ ). These complementary components are topological discs and once punctured topological discs and hence if ϕ is not the identity then with respect to this identification, ϕ induces a nontrivial permutation of the complementary components of τ . However, our above discussion shows that since ϕ preserves the numberings of the branches, every complementary component which contains a large branch in its boundary is mapped by ϕ to itself, and the same is true for every complementary component which contains a small branch in its boundary. However, it is easy to see that the boundary of every complementary component either contains a large branch or a small branch [PH92] and therefore ϕ is the identity. This shows the lemma.
If the complete train track τ ′ can be obtained from a complete train track τ by a single split, then a numbering of the branches of τ naturally induces a numbering of the branches of τ ′ and therefore such a numbering defines a numbered split. In particular, we can define a split of a numbered class x to be a numbered class x ′ with the property that there are representatives τ, τ ′ of x, x ′ such that τ ′ can be obtained from τ by a single numbered split in this sense. A numbered splitting and shifting sequence is a sequence (x i ) of numbered classes such that for each i, the class x i+1 can be obtained from x i by a single numbered split. A numbered combinatorial type of a train track τ is an orbit of a numbered class under the action of the mapping class group. Let E 0 be the set of all numbered combinatorial types. If the numbered combinatorial type defined by a numbered train track τ is contained in a subset E of E 0 , then we say that τ is contained in E. We also say that a numbered combinatorial type c ∈ E 0 is splittable to a numbered combinatorial type c ′ if there is a numbered train track τ ∈ c which is splittable to a numbered train track τ ′ ∈ c ′ .
Recall from [PH92, H06a, H06b] the definition of a train track in standard form for some framing F of our surface S. We have.
Lemma 4.2:
There is a set E ⊂ E 0 of numbered classes with the following properties.
(1) For all x, x ′ ∈ E, x can be connected to x ′ by a numbered splitting and shifting sequence.
(2) If τ is contained in E and if {τ i } is any numbered splitting and shifting sequence issuing from τ 0 = τ then τ i ∈ E for all i.
(3) For every train track σ in standard form for some framing F of S there is a numbering of the branches of σ such that the resulting numbered train track is contained in E.
Proof: Let τ ∈ N T be any numbered train track in standard form for some framing F of S and let E ⊂ E 0 be the set of all numbered combinatorial types which can be obtained from τ by a numbered splitting and shifting sequence. Let y ∈ E and let σ ∈ N T be a train track representing y. It follows from the considerations in [H06b] that there is a splitting and shifting sequence connecting σ to a train track which is obtained from a point in the M(S)-orbit of τ by a permutation of the numbering. Since the collection of all permutations of numberings of τ obtained in this way clearly forms a group, the train track σ can be connected to a train track contained in the M(S)-orbit of τ by a splitting and shifting sequence. Thus E has the first two properties stated in the lemma. The third property follows with the same argument as above from [H06b] .
Let k > 0 be the cardinality of a set E as in Lemma 4.2 and number the k elements of E in an arbitrary order. We identify each element of E with its number. Define a ij = 1 if the numbered combinatorial type i can be split with a single numbered split to the numbered combinatorial type j and define a ij = 0 otherwise. The matrix A = (a ij ) defines a subshift of finite type. The phase space of this shift is the set of biinfinite sequences Ω ⊂ ∞ i=−∞ {1, . . . , k} with the property that (x i ) ∈ Ω if and only if a xixi+1 = 1 for all i. Every biinfinite numbered splitting and shifting sequence {τ i } ⊂ N T contained in E defines a point in Ω. Vice versa, since the action of M(S) on the set of numbered classes of train tracks is free, a point in Ω determines an M(S)-orbit of biinfinite numbered splitting and shifting sequences which is unique up to replacing the train tracks in the sequence by shift equivalent train tracks. We say that such a numbered splitting and shifting sequence realizes (x i ).
ij ); the shift T is topologically transitive if for all i, j there is some m > 0 such that a (m) ij > 0. Namely, if we define a finite sequence (x i ) 0≤i≤m of points x i ∈ {1, . . . , k} to be admissible if a xixi+1 = 1 for all i then a (m) ij equals the number of all admissible sequences of length m connecting i to j [Mn87] . The following observation is immediate from the definitions.
Lemma 4.3: The shift (Ω, T ) is topologically transitive.
Proof: Let i, j ∈ {1, . . . , k} be arbitrary. By Lemma 4.2, there is a nontrivial finite numbered splitting and shifting sequence {τ i } 0≤i≤m ⊂ N T connecting a train track τ 0 of numbered combinatorial type i ∈ E to a train track τ m of numbered type j. This splitting and shifting sequence then defines an admissible sequence (x i ) 0≤i≤m ⊂ E connecting i to j.
The subshift of finite type defined by the matrix A = (a ij ) is topologically mixing if there is some m > 0 such that a (m) ij > 0 for all i, j ∈ {1, . . . , k}. The next simple lemma will imply that the shift defined by numbered splitting and shifting sequences as above is topologically mixing. Proof: Let (Ω, T ) be a topologically transitive subshift of finite type as in the lemma with (k, k)-transition matrix A = (a ij ) and such that for some i, j we have a ij = 1 = a (2) ij . Assume to the contrary that (Ω, T ) is not topologically mixing. Following [HK95] , there is then a number N ≥ 2 and there is a partition of the set {1, . . . , k} into disjoint subsets P 1 , . . . , P N such that for i ∈ P s we have a ij = 1 only if j ∈ P s+1 . Let i, j be as above and let s ≤ N be such that i ∈ P s where indices are taken modulo N . From our assumption a ij = 1 we conclude that j ∈ P s+1 , on the other hand it follows from a (2) ij = 1 that also j ∈ P s+2 . In other words, s + 1 = s + 2 mod N and therefore N = 1 which contradicts our assumption that the shift is not topologically mixing. This shows the lemma. Proof: By Lemma 4.4, it is enough to find some i, j such that our transition matrix A = (a ij ) satisfies a ij = 1 = a (2) ij . However, such numbered types of train tracks are shown in Figure C below. Namely, the train tracks 1RR and 2R are numbered shift equivalent, and the same is true for the train tracks 1L and 2LL. Note that every train track in standard form for some framing F of S contains a configuration as shown in Figure C . 
2LL
For τ ∈ N T denote again by V(τ ) the convex cone of all transverse measures on τ . Recall that V (τ ) coincides with the space of all measured geodesic laminations which are carried by τ . In particular, if τ ′ is shift equivalent to τ then we have
The projectivization of V(τ ) can naturally be identified with the space PM(τ ) of all projective measured geodesic laminations which are carried by τ . Then PM(τ ) is a compact subset of the compact space PML of all projective measured geodesic laminations on S. If {τ i } 0≤i ⊂ N T is any numbered splitting and shifting sequence then ∅ = PM(τ i+1 ) ⊂ PM(τ i ) and hence ∩ i PM(τ i ) is well defined and non-empty. Thus every sequence (x i ) ∈ Ω determines an orbit of the action of M(S) on the space of compact subsets of PML.
Following [H06b] we call a finite admissible sequence (x i ) 0≤i≤m ⊂ E tight if for one (and hence every) numbered splitting and shifting sequence {τ i } 0≤i≤m realizing (x i ) the natural carrying map τ m → τ 0 maps every branch b of τ m onto τ 0 . By the definition of E, by Lemma 4.2 and by the considerations in Section 5 of [H06b] , tight finite admissible sequences exist. Call a biinfinite sequence (x j ) ∈ Ω normal if every finite admissible sequence occurs in (x j ) infinitely often in forward and backward direction. The next lemma follows from the considerations in [K85] . Lemma 4.6: Let (x i ) ∈ Ω be normal and let {τ i } ⊂ N T be a numbered splitting and shifting sequence which realizes (x i ); then ∩ i PM(τ i ) consists of a single uniquely ergodic minimal and maximal projective measured geodesic lamination. Proof: Let (x i ) ∈ Ω be normal and let {τ i } 0≤i be a numbered splitting and shifting sequence defined by (x i ) and the choice of a numbered train track τ 0 of combinatorial type x 0 . Then for every i there is a natural projective linear map
Following [K85] , this map can be described as follows.
Let n be the number of branches of a complete train track on S. If the train track τ i+1 is obtained from τ i by a single split at a large branch e then every measured geodesic lamination λ which is carried by τ i+1 defines both a transverse measure µ i+1 on τ i+1 and a transverse measure µ i on τ i . If a, c are the losers of the split connecting τ i to τ i+1 and if e ′ is the diagonal branch of the split, then we have
e. the convex cone V(τ i+1 ) of transverse measures on τ i+1 is mapped to the convex cone V(τ i ) of transverse measures on τ i by the product of two elementary (n, n)-matrices. The image of the polyhedron PM(τ i+1 ) under the induced projective linear map is a subpolyhedron of PM(τ i ).
For a column vector x ∈ R n write |x| = s |x s |. Following the reasoning in [K85] , it is enough to show that for infinitely many i the columns C j i of the (n, n)-matrix
where M is a universal constant. Namely, for such an i the projective linear map PM(τ i ) → PM(τ 0 ) is uniformly quasi-conformal with respect to the natural linear structures induced by the linear structures on V(τ i ), V(τ 0 ). Now max{|C j x| | |x| = 1} → ∞ (j → ∞) and min{|C j x| | |x| = 1} ≥ 1 for all j and hence under our assumption the diameter in PM(τ 0 ) of the image of PM(τ i ) under the natural map tends to zero as i → ∞, and ∩ i PM(τ i ) consists of a single point.
Choose a fixed finite admissible sequence (y j ) 0≤j≤s with the property that for the corresponding sequence (B j ) 0≤j≤s of matrices describing the transformations of transverse measures, every column vector is added to every other column vector at least once. This is the case if the sequence (y j ) 0≤j≤s is tight. For every normal point (x i ) ∈ Ω there is an infinite sequence (i j ) j such that for every j, the sequence (x p ) ij ≤p≤ij +s coincides with the sequence (y j ) 0≤j≤s . But this just means that for a splitting and shifting sequence {τ i } ⊂ N T which realizes (x i ) and for every s the matrix C ij +s has the required property for a universal constant M > 0 (compare the beautiful argument in [K85] ) and therefore ∩ i PM(τ i ) consists of a single point λ. Moreover, for every i the point λ is contained in the interior of the convex polyhedron PM(τ i ) and hence for every i > 0 the transverse measure defined by λ on τ i is positive on every branch of τ i .
Call a geodesic lamination λ complete if λ is maximal and if moreover λ can be approximated in the Hausdorff topology by simple closed geodesics. The space CL(τ i ) of complete geodesic laminations carried by τ i is a compact non-empty subset of the compact space CL of all complete geodesic laminations on S (compare [H06a] ) and consequently K = ∩ i CL(τ i ) is non-empty. Every projective measured geodesic lamination whose support is contained in a lamination from the set K is contained in ∩ i PM(τ i ). Since the intersection ∩ i PM(τ i ) consists of the unique point λ, the laminations from the set K contain a single minimal component ζ which is the same for all elements of K, and this component admits a unique transverse projective measure, i.e. the corresponding measured geodesic lamination λ is uniquely ergodic. If ζ is not maximal, then a lamination ν ∈ K contains an isolated leaf. This implies that there is a splitting and shifting sequence {η i } ⊂ T T issuing from τ 0 = η 0 which consists of train tracks carrying λ and such that there is some j > 0 and a branch b in η j with the property that the weight of b defined by the transverse projective measure determined by λ vanishes. By the results of Mosher [M03] , there is some i > j such that η j carries τ i . Since τ i is maximal, a carrying map τ i → η j is surjective. This contradicts our above observation that the weight disposed on every branch of τ i by the projective measured geodesic lamination λ is positive. From this the lemma follows.
If τ ′ is obtained from τ by a single split at a large branch e and if C is the matrix which describes the transformation V(τ
given by the transposed matrix C t . In our above interpretation, this transformation maps the tangential measure on τ determined by a measured geodesic lamination ν hitting τ efficiently to the tangential measure on τ ′ for the same lamination (which hits τ ′ efficiently as well, compare [PH92] ). If we denote by PE(τ ) the space of projective measured geodesic laminations which hit τ efficiently then our observation together with Lemma 4.6 immediately implies.
Lemma 4.7: Let (x i ) ∈ Ω be normal and let (τ i ) ⊂ N T be a numbered splitting and shifting sequence which realizes (x i ); then ∩ i PE(τ i ) consists of a single uniquely ergodic minimal and maximal projective measured geodesic lamination.
Next we relate our shift space to the Teichmüller geodesic flow Φ t on the moduli space Q(S) of quadratic differentials of area one. For this let R ⊂ Ω be the set of normal points in Ω. Recall that every biinfinite numbered splitting sequence {τ i } ⊂ N T which realizes a normal point (x i ) ∈ R defines a pair of transverse uniquely ergodic minimal and maximal projective measured laminations with the property that the sum of the weights that the transverse measure on τ 0 defined by λ + disposes on the large branches of τ 0 equals one. Note that if η is shift equivalent to τ 0 then the sum of the weights that λ + disposes on the large branches of η equals one as well, i.e. this normalization does not depend on a representative in the shift equivalence class of τ 0 . Let λ − be the unique representative of the class [λ − ] such that i(λ + , λ − ) = 1. Since λ + , λ − fill up S, they jointly fill up S as well, i.e. for every measured geodesic lamination η we have i(λ + , η) + i(λ − , η) > 0. Thus the pair (λ + , λ − ) determines a quadratic differential χ(τ i ) ∈ Q 1 (S) of area one (compare our convention from the beginning of this section). There is a number ρ(x i ) ∈ R such that the shifted sequence i → τ i+1 defines the quadratic differentialχ(τ i+1 ) = Φ ρ(xi)χ (τ i ) with horizontal measured geodesic lamination e ρ(xi) λ + and vertical measured geodesic lamination e −ρ(xi) λ − . If {τ ′ i } ⊂ N T is another numbered splitting and shifting sequence which realizes (x i ) then there is some g ∈ M(S) such that gτ i is shift equivalent to τ ′ i for all i and hence we haveχ(gτ i ) = gχ(τ i ) by equivariance. This means that the normal point (x i ) ∈ R defines uniquely a quadratic differential χ(x i ) ∈ Q(S), and the shifted sequence T (x i ) defines the point Φ ρ(xi) χ(x i ). Note that in particular, the number ρ(x i ) ∈ R only depends on the normal point (x i ) ∈ R. We call ρ : R → R a roof function for R. This roof function is clearly measurable. Proof: We have to show that there is a number s > 0 such that 0 < ρ(x i ) ≤ s for every (x i ) ∈ R. To show the first inequality, choose a numbered splitting and shifting sequence {τ i } ⊂ N T which realizes (x i ). We assume that τ 1 is obtained from τ 0 by a single split at a large branch e, with diagonal branch e ′ of the split. Using the above notations, let λ + be the horizontal measured geodesic lamination of the quadratic differentialχ(τ i ). Then λ + is carried by each of the train tracks τ i , and the sum of the λ + -weights over all large branches of τ 0 equals one. If µ 1 is the transverse measure on τ 1 defined by the measured geodesic lamination λ + then we have µ(e) = µ 1 (e ′ ) + µ 1 (b) + µ 1 (d) where b, d are the neighbors of e ′ defined by the losing branches of the split. Moreover, we have µ(a) = µ 1 (a) for every branch a = e of τ 0 and the corresponding branch of τ 1 , and the measure µ 1 is positive. In particular, if a, c are the winning branches of the split then µ 1 (a) + µ 1 (c) < µ(e). On the other hand, a large branch in τ 1 either correspond to a large branch f = e of τ or it corresponds to one of the branches a, c. As a consequence, the sum of the µ 1 -weights over all large branches of τ 1 is strictly smaller than one and hence ρ(x i ) > 0 by definition.
The fact that ρ is uniformly bounded follows from the same argument (compare Lemma 5.1 of [H06b] ). Namely, by the above consideration, the total weight of λ + on τ 0 is not bigger than twice the total weight of λ + on τ 1 . On the other hand, there is constant ℓ > 0 only depending on the topological type of S such that the sum of the λ + -weights over all large branches of τ 0 is not smaller than 1/ℓ times the total weight of λ + . This then implies that ρ(x i ) ≤ log(2ℓ) and completes the proof of the lemma.
A Borel suspension for the shift T on the subspace R ⊂ Ω of normal sequences in the phase space Ω with Borel roof function ρ :
where the equivalence relation ∼ identifies the point ((x i ), ρ(x i )) with the point (T (x i ), 0). There is a natural flow Θ t on X defined by
As an immediate consequence of Lemma 4.8 we obtain.
Corollary 4.9: There is a Borel semi-conjugacy Ξ of the Borel suspension X for the shift T on R with roof function ρ as in Lemma 4.8 into the Teichmüller geodesic flow on Q(S).

Bernoulli measures for the Teichmüller flow
Masur and Veech [M82, V86] constructed a Φ t -invariant probability measure on Q(S) in the Lebesgue measure class which is ergodic and mixing and which gives full measure to the space of quadratic differentials whose horizontal and vertical measured laminations are uniquely ergodic. Moreover, the measure is absolutely continuous with respect to the strong stable and the unstable foliation.
In this section we use the results from Section 4 to construct an uncountable family of invariant probability measures for the Teichmüller geodesic flow Φ t on Q(S) including the Lebesgue measure which give full measure to the set of quadratic differentials with uniquely ergodic horizontal and vertical measured geodesic laminations. These measures are ergodic and mixing, with exponential recurrence to a fixed compact set, and they are absolutely continuous with respect to the strong stable and the unstable foliation. This completes the proof of Theorem B from the introduction.
We continue to use the assumptions and notations from Section 4. Let P = (p ij ) be any matrix with non-negative entries p ij ≥ 0 such that p ij > 0 if and only if a ij > 0. We require that (p ij ) is stochastic, i.e. that j p ij = 1 for all i. By Corollary 4.5 and the definitions, there is a number ℓ > 0 such that P (ℓ) > 0. Thus by the Perron Frobenius theorem, there is a unique positive probability vector p = (p 1 , . . . , p k ) with p i > 0, i p i = 1 and such that P p = p by our normalization. Then the probability vector p together with the stochastic matrix P defines a Markov probability measure ν for (Ω, T ) which is invariant under the shift and gives full measure to the set of normal points. The ν-mass of a cylinder {x 0 = i} (i ≤ k) equals p i , and the ν-mass of {x 0 = i, x 1 = j} is p ji p i . Note that i p ji p i = p j for all j, so we obtain indeed a probability measure on Ω which is invariant under the shift. Since by Corollary 4.5 our shift (Ω, T ) is topologically mixing, the shift (Ω, T, ν) is equivalent to a Bernoulli shift (see p.79 of [Mn87] ). In particular, it is ergodic and strongly mixing, with exponential decay of correlations. We call a shift invariant probability measure on Ω of this form a Bernoulli measure.
Let R ⊂ Ω be the set of normal points in Ω and let UE(S) ⊂ PML be the space of all projective measured geodesic laminations on S which are uniquely ergodic, with minimal and maximal support. The next lemma is not needed in the sequel but serves as an illustration of what we showed so far. For its formulation, denote by ∆ the diagonal in PML × PML.
Lemma 5.1: Every Bernoulli measure on Ω defines an ergodic M(S)-invariant Radon measure on UE(S) × UE(S) − ∆.
Proof: Let S be a fundamental domain for the action of M(S) on N T . We require that for all τ ∈ S, every numbered train track τ ′ ∈ N T which can be obtained from τ by a numbered shift is also contained in S. This is possible by Lemma 4.1. Then any sequence (x i ) ∈ Ω defines a numbered splitting and shifting sequence {τ i } ∈ N T which realizes (x i ) with the additional property that τ 0 ∈ S. If (x i ) ∈ R, i.e. if (x i ) is normal, then by Lemma 4.6 and Lemma 4.7, {τ i } determines a pair λ = ν of uniquely ergodic minimal and maximal projective measured geodesic laminations so that for each i, λ is carried by τ i and ν hits τ i efficiently. Thus we obtain from our choice of S a map F : R → UE(S) × UE(S) − ∆. For a Bernoulli measure ν on Ω we define a measure F * ν on UE(S) × UE(S) − ∆ by associating to a set A ⊂ UE(S) × UE(S) − ∆ the ν-mass ν(F −1 (A)) of the preimage of A under F .
We claim that F * ν can be extended to an M(S)-invariant measure µ on UE(S)× UE(S) − ∆. Namely, if the numbered splitting and shifting sequence {τ i } ⊂ N T realizes a normal sequence (x i ) ∈ Ω and if λ = ∩ i PM(τ i ), ν = ∩ i PE(τ i ) then for g ∈ M(S) the sequence {gτ i } ∈ N T defines the point (gλ, gν) ∈ UE(S)×UE(S)−∆. Assume that the numbered splitting and shifting sequence {gτ i } passes through a point η ∈ S. This means that there is some j ∈ Z such that gτ j = η. Note that such a j may not be unique. Then the sequence {gτ i } determines the pair F T j (x i ) ∈ UE(S) × UE(S) − ∆. Now our Bernoulli measure ν on Ω is invariant under the shift and consequently the image of our measure µ under the action of g on UE(S) × UE(S) − ∆ coincides with µ on the intersections of their domains. From this the lemma follows.
Remark: Since there is a natural M(S)-equivariant Borel injection of UE(S)
into the Gromov boundary ∂C(S) of the curve graph, our Bernoulli measures also define a family of M(S)-invariant Borel measures on ∂C(S) × ∂C(S) − ∆.
For every Bernoulli measure µ on Ω the support of µ is all of Ω, and the Tinvariant subset R has full measure with respect to µ. The measure µ is invariant and ergodic under the action of the shift T . The flow Θ t on the Borel suspension X constructed in Section 4 preserves the Borel measureμ given by dμ = dµ × dt where dt is the Lebesgue measure on the flow lines of our flow. Since by Lemma 4.8 the roof function ρ on R is bounded, the measureμ is finite and moreover ergodic under the action of the flow Θ t . The push-forward Ξ * μ of the measureμ by the semi-conjugacy Ξ defined in Corollary 4.9 is a finite Φ t -invariant ergodic measure on Q(S) which gives full mass to the quadratic differentials with uniquely ergodic minimal and maximal horizontal and vertical measured geodesic laminations. We call its normalization to a probability measure on Q(S) a Bernoulli measure for the Teichmüller geodesic flow Φ t . By construction, a Bernoulli measure for Φ t is absolutely continuous with respect to the strong stable and the unstable foliation for the Teichmüller geodesic flow.
Lemma 5.2: A Bernoulli measure for the Teichmüller geodesic flow is mixing.
Proof: Let µ be a Bernoulli measure for the Teichmüller geodesic flow and assume to the contrary that µ is not mixing. Then there is a continuous function ϕ on Q(S) with compact support and ϕ = 0 so that ϕ • Φ t does not converge weakly to zero as t → ∞. We follow [B02] and conclude that there is a non-constant function ψ which is the almost sure limit of Cesaro averages of ϕ of the form 1 k k j=1 ϕ nj , 1 k k j=1 ϕ −nj , i.e. for positive and negative times. Replacing ψ by the function v → ǫ 0 ψ(Φ s v)ds/ǫ for sufficiently small ǫ guarantees that there is a subset E 0 ⊂ Q(S) of full measure so that the resulting function, again denoted by ψ, is well defined and continuous on all flow lines through the points of E 0 . The function ψ is the almost sure limit of the corresponding smoothed Cesaro averages of ϕ. The periods of the function ψ define a measurable Φ t -invariant map of E 0 into the set of closed subgroups of R which is constant by ergodicity. Since ψ ≡ 0 by assumption, the set E 1 where this group is of the form aZ for some a > 0 has full measure and is invariant under the flow Φ t .
The set Q 1 u of quadratic differentials in Q 1 (S) with uniquely ergodic horizontal and vertical measured geodesic lamination is (non-canonically) homeomorphic to (UE(S) × UE(S) − ∆) × R by choosing a Borel map which associates to a pair of transverse projective measured geodesic laminations in (UE(S) × UE(S) − ∆) × {0} a point on the Teichmüller geodesic determined by the pair and extending this map in such a way that it commutes with the natural R-actions. The set Q 1 u is invariant under the action of the mapping class group and hence it descends to a subset Q u of Q(S). The geodesic flow acts on (UE(S) × UE(S) − ∆) × R via Φ t (λ, ν, s) = (λ, ν, t + s). Thus the preimageẼ 1 of E 1 in Q 1 (S) projects to an M(S)-invariant subsetÊ 1 of UE(S) × UE(S). Letμ be the lift of the measure µ to Q 1 (S). If we denote byμ the desintegration ofμ along the flow lines of the Teichmüller geodesic flow thenÊ 1 has full mass with respect toμ. Note that this desintegration is absolutely continuous with respect to the product foliation of UE(S) × UE(S), i.e.μ is locally of the form dμ = f dμ + × dμ − whereμ ± is a measure on the space of projective measured geodesic laminations whose measure class is invariant under the action of M(S) and which gives full mass to the set UE(S) and where f is a positive measurable function.
The measuresμ
+ ,μ − define measure classes on strong unstable and strong stable manifolds in Q 1 (S) which are invariant under the action of the mapping class group and hence they descend to measure classes on strong unstable and strong stable manifolds in Q(S). We claim that the function ψ is almost everywhere constant along almost every strong stable and strong unstable manifold. Namely, since the horizontal measured geodesic lamination of a typical point for the measureμ is uniquely ergodic, if v, w are typical points for µ on the same strong stable manifold in Q(S) then lim t→∞ d(Φ t v, Φ t w) = 0 for a suitable choice of a distance function on Q(S) [M80] and therefore ψ(v) = ψ(w) follows from continuity of the function ϕ. Similarly we argue for the strong unstable manifolds (see the nice exposition of this well known argument in [B02] ).
As in [B02] we define
by absolute continuity, the set E + × E − has full measure with respect toμ.
Choose a point (u + , u − ) ∈ E + × E − and let V + , V − be small disjoint neighborhoods of u + , u − in PML with the property that for every x ∈ V + and every y ∈ V − the projective measured geodesic laminations x, y together fill up S. Such neighborhoods are well known to exist. Then every pair (x, y) ∈ V + × V − determines a unique Teichmüller geodesic. Define a function σ : V + ×V − → R as follows. Choose a quadratic differential q of area one whose horizontal measured geodesic lamination λ + is in the class u + and whose vertical measured geodesic lamination λ − is in the class u − . For y ∈ V − , the pair (u + , y) defines a Teichmüller geodesic whose corresponding one-parameter family of quadratic differentials intersects W ss (q) in a unique point α 1 (x, y). Similarly, the family of quadratic differentials defined by the pair (x, y) intersects W su (α 1 (x, y)) in a unique point α 2 (x, y), the family of quadratic differentials defined by the pair (x, u − ) intersects W ss (α 2 (x, y)) in a unique point α 3 (x, y), and finally the quadratic differentials defined by (u + , u − ) intersect W su (α 3 (x, y)) in a unique point e σ(x,y) (λ). The value σ(x, y) does not depend on the choice of the differential q defining the pair (u + , u − ). The resulting function σ : V + × V − → R is continuous by construction. Now there is a natural action of the group SL(2, R) on Q 1 (S). The action of the diagonal subgroup of SL(2, R) is just the Teichmüller geodesic flow. Moreover, each SL(2, R)-orbit can naturally and equivariantly be identified with the unit tangent bundle of the hyperbolic plane. In particular, the orbit through q of the unipotent subgroup of SL(2, R) of all upper triangular matrices of trace two is an embedded line in W ss (q), and the orbit through q of the unipotent subgroup of all lower triangular matrices of trace two is contained in W su (q). As a consequence, the restriction of the function σ to the SL(2, R)-orbit through q is not constant in no neighborhood of q. Now µ is absolutely continuous with respect to the strong stable and strong unstable foliations, with conditional measures giving full mass to the dense invariant subset of uniquely ergodic projective measure geodesic laminations. Thus if we write
From the choice of E + , E − and the fact that our function σ is continuous and not constant in any neighborhood of q we conclude that the function ψ has arbitrarily small periods. This is a contradiction to our assumption that the set of periods is aZ for some a > 0 and completes the proof of our proposition.
We also obtain a control of the return time to a suitably chosen compact subset of Q(S) for a flow line of the Teichmüller geodesic flow Φ t on Q(S) which is typical for a Bernoulli measure µ on Q(S). The following observation is a version of Theorem 2.15 of [AGY05] for all Bernoulli measures (see also [A05] ). 
Proof: Let (y i ) 0≤i≤k be an admissible sequence with the additional property that there is some ℓ < k such that the sequences (y i ) 0≤i≤ℓ and (y i ) ℓ≤i≤k are both tight. By Lemma 5.2 of [H06b] there is a compact subset K of Q(S) such that for every numbered splitting and shifting sequence {τ i } 0≤i≤k which realizes (y i ) 0≤i≤k the following holds. Let λ ∈ ML be a measured geodesic lamination which is carried by τ k and which defines a transverse measure on τ 0 for which the sum of the masses of the large branches of τ 0 equals one. Let µ ∈ ML be a measured geodesic lamination which hits τ 0 efficiently and such that i(λ, ν) = 1. Then the quadratic differential q(λ, ν) with horizontal geodesic lamination λ and vertical geodesic lamination ν is contained in K. Since a Bernoulli shift is exponentially mixing, there are constants
The corollary now follows from this observation and the fact that the roof function ρ on R which describes our semi-conjugacy is uniformly bounded.
Choose a Borel section ζ : Q(S) → Q 1 (S) of the canonical projection Q 1 (S) → Q(S). Using the notations from Section 3, for a point v ∈ Q(S) and for a time t ≥ 0 define σ(v, t) to be the distance in C(S) between Υ Q (ζ(v)) and Υ Q (Φ t ζ(v)). By the subadditive ergodic theorem, for µ-almost every v the limit lim t→∞ 1 t σ(v, t) = r ≥ 0 exists and is independent of v and the choice of ζ. We have.
Lemma 5.4: r > 0.
Proof: By Lemma 2.2 of [H05] , there is a number c > 0 such that for every Teichmüller geodesic γ in T (S) and all 0 ≤ s ≤ t we have d(
Using the notations from the proof of Proposition 3.3, choose a point v ∈ Q 1 (S) so that the Teichmüller geodesic determined by v is entirely contained in T (S) ǫ for some ǫ > 0. By Theorem 2.1 of [H06a] there is a number T > 0 such that d(Ψγ(T ), Ψγ(0)) ≥ 3c. Choose a small neighborhood V of v so that d(Ψξ(T ), Ψξ(0)) ≥ 2c for all geodesics ξ with initial direction in V . Let χ be the characteristic function of the projection of V into Q(S). By the Birkhoff ergodic theorem, for almost every v the limit lim k→∞
exists and equals a number α > 0. However, by the above this implies that lim inf k→∞ d(Ψγ(kT ), Ψγ(0)) ≥ αc from which the lemma follows.
We conclude this section with a description of the M(S)-invariant Φ t -invariant probability measure λ in the Lebesgue measure class on the unit cotangent bundle Q 1 (S) of Teichmüller space which is invariant under the action of the mapping class group and the natural action of the group SL(2, R) and which projects to a probability measure on Q(S).
Recall the definition of our shift space (Ω, T ) and the definition of a Bernoulli measure for the Teichmüller geodesic flow. We define a particular Bernoulli measure for our shift as follows. Let τ ∈ N T be a numbered train track whose numbered combinatorial type is contained in the set E as defined in Lemma 4.2 and let τ 1 , . . . , τ s be the collection of all numbered classes which can be obtained from a shift of τ by a single split. In other words, for a suitable numbering of our numbered combinatorial types such that the type of τ corresponds to the number one, the set τ 1 , . . . , τ s corresponds precisely to those numbers j for which a 1j = 1. For a suitable choice of a numbering, there is a number m ≤ [s/2] such that for every i ≤ m the train tracks τ 2i−1 , τ 2i are obtained from the same shift of τ by a single split. Note that we may have s > 2m since there may be a large branch e of a shift η of τ such that one of the possible splits of η at e is not complete.
For every complete train track σ, the space V 1 (σ) of measured geodesic laminations which are carried by σ and define a transverse measure on σ which gives total mass one to the collection of all large branches of σ can be identified with a compact convex polyhedron of dimension q = 6g − 6 − 2m in an euclidean space whose dimension n equals the number of branches of a complete train track on S. We equip this polyhedron with the normalized Lebesgue measure of total mass one. If σ is splittable to σ ′ with say a right split at a large branch e, then the natural map A : V(σ ′ ) → V(σ) is convex linear; its normalization maps the compact polyhedron V 1 (σ ′ ) onto a subpolyhedron of V 1 (σ) whose total mass with respect to normalized Lebesgue measure on V 1 (τ ) equals s(σ, σ ′ ) ≤ 1. A point λ ∈ V 1 (τ ) is contained in the image of A if and only if the train track obtained from τ by a right split at e carries λ. Note that we have s(σ, σ ′ ) + s(σ, σ ′′ ) = 1 if σ ′ , σ ′′ are obtained from σ by a right and left split at e respectively.
Using our above notation, let ℓ = s − m and for i ≤ s define p(τ, τ i ) = s(τ, τ i )/ℓ. Note that p(τ, τ i ) can be thought of as follows. View a splitting sequence issuing from a train track τ as a random walk with the property that in every step, the splits at the different large branches of a train track η and the train tracks which are shift equivalent to η occur with the same probability. Then p(τ, τ i ) is the probability to perform a split at e. By invariance under the action of the mapping class group, p(τ, τ i ) only depends on the representatives of τ, τ i in E. This means that the probabilities p(τ, τ i ) define a stochastic matrix (p ij ) with p ij > 0 if and only if a ij = 1. In other words, our probability distribution defines a Bernoulli measure for our shift and hence a Bernoulli measure for the Teichmüller geodesic flow which by construction is contained in the Lebesgue measure class. Since the Teichmüller flow is ergodic with respect to any Bernoulli measure, this measure is (up to a fixed normalizing constant) the measure constructed by Masur and Veech. Thus we obtain a new (and simpler) proof of Theorem 2.15 of [AGY05] and of the main theorem of [A05] .
Proposition 5.5: There is a compact subset K of Q(S) and a number ǫ > 0 such that λ{q | Φ s q ∈ K for every s ∈ [0, t]} ≤ e −ǫt /ǫ.
Conformal densities and measures on ML
In this section we study Radon measures on the space ML of measured geodesic laminations which are invariant under the action of the mapping class group. We begin with a discussion of conformal densities. Namely, let again PML be the space of projective measured geodesic laminations. Recall that PML equipped with the weak topology is homeomorphic to the sphere S 6g−7+2m , and the mapping class group M(S) naturally acts on PML as a group of homeomorphisms. By the Hubbard Masur theorem, for every x ∈ T (S) and every λ ∈ PML there is a unique holomorphic quadratic differential q(x, λ) ∈ Q 1 (S) x of area one on x whose horizontal measured geodesic lamination q h (x, λ) is contained in the class λ. For all x, y ∈ T (S) there is a number Ψ(x, y, λ) ∈ R such that q h (y, λ) = e Ψ(x,y,λ) q h (x, λ). The function Ψ : T (S) × T (S) × PML → R is continuous, moreover it satisfies the cocycle identity
for all x, y, z ∈ T (S) and all λ ∈ PML. Define a conformal density of dimension α ≥ 0 on PML to be an M(S)-equivariant family {ν y } (y ∈ T (S)) of finite Borel measures on PML which are absolutely continuous and satisfy dν z /dν y = e αΨ(y,z,·) almost everywhere. Note that for α = 6g − 6 + 2m there is a conformal density of dimension α in the Lebesgue measure class induced by the symplectic form on ML, see [M82] .
Following [Su79] , we use the conformal density {ν x } to construct an M(S)-invariant family {ν su } of locally finite Borel measures on strong unstable manifolds which transform under the Teichmüller geodesic flow Φ t via ν su • Φ t = e αt ν su as follows. Let π : Q 1 (S) → PML be the natural projection which maps a quadratic differential q ∈ Q 1 (S) to its horizontal projective measured geodesic lamination. Let again P : Q 1 (S) → T (S) be the canonical projection. The restriction of π to W su (q) is a homeomorphism onto its image and hence the measure ν P q induces a Borel measureν su on W su (q). The measure ν su on W su (q) defined by dν su = e αΨ(P q,P u,π(u)) dν su (u) is locally finite and does not depend on the choice of q. The measures ν su on strong unstable manifolds have the required properties.
The flip F : q → −q maps strong stable manifolds homeomorphically onto strong unstable ones and therefore we obtain a family ν ss of locally finite Borel measures on strong stable manifolds by defining ν ss = F • ν su . Let dt be the usual Lebesgue measure on the flow lines of the Teichmüller flow. The locally finite Borel measureν on Q 1 (S) defined by dν = dν ss × dν su × dt is invariant under the Teichmüller geodesic flow Φ t and the action of the mapping class group. If we denote by ∆ the diagonal in PML × PML then the desintegrationν ofν along the flow lines of the Teichmüller flow is an M(S)-invariant locally finite Borel measure on PML × PML − ∆. Denote by ν the Φ t -invariant locally finite Borel measure on Q(S) which is the projection ofν.
Call a quadratic differential q ∈ Q(S) forward recurrent if there is a compact subset K of Q(S) and for every k > 0 there is some t > k with Φ t q ∈ K. Call a projective measured geodesic lamination λ ∈ PML recurrent if there is a quadratic differential q ∈ Q 1 (S) whose horizontal geodesic lamination is contained in the class λ and whose projection to Q(S) is forward recurrent. The set RML of recurrent projective measured geodesic laminations is a Borel subset of PML which is invariant under the action of the mapping class group. Moreover, the set RML has full Lebesgue measure and is contained in the set of all uniquely ergodic projective measured geodesic laminations [M82] . Note however that Cheung and Masur [CM06] constructed an example of a uniquely ergodic projective measured geodesic lamination which is not recurrent. We have. Proof: We follow Sullivan [Su79] closely. Namely, for ǫ > 0 let T (S) ǫ ⊂ T (S) be the open M(S)-invariant subset of all hyperbolic structures whose systole is bigger than ǫ and define Q 1 (ǫ) = {q ∈ Q 1 (S) | P q ∈ T (S) ǫ }. Then the closure Q 1 (ǫ) of Q 1 (ǫ) projects to a compact subset Q(ǫ) of Q(S). For ǫ > 0 define RML ǫ ⊂ PML to be the set of all projective measured geodesic laminations ξ such that there is a quadratic differential q ∈ Q 1 (S) with π(q) = ξ and a sequence {t i } → ∞ with Φ ti q ∈ Q 1 (ǫ) for all i > 0. The set RML ǫ is invariant under the action of M(S).
Let {ν x } be an ergodic conformal density of dimension α which gives full mass to the recurrent projective measured geodesic laminations. By invariance and ergodicity, there is a number ǫ > 0 such that ν x gives full mass to RML ǫ . The results of [M80] show that for ν-almost every q ∈ Q(S) the Φ t -orbit of q enters the compact set Q(ǫ/2) for arbitrarily large times. Then there is a number δ > 0 and for ν-almost every q ∈ Q(δ) there are infinitely many m > 0 with Φ m q ∈ Q(δ). As a consequence, the first return map Ψ to Q(δ) defines a measurable map Q(δ) → Q(δ) which preserves the restriction ν 0 of ν. Since ν is a Radon measure, ν 0 is finite and hence the system (Q(δ), ν 0 , Ψ) is conservative. But then the measure ν is conservative for the action of Φ 1 .
Using the usual Hopf argument [Su79] we conclude that the measure ν is ergodic. Namely, choose a continuous positive function ρ : Q(S) → (0, ∞) such that ρdν = 1; such a function ρ exists since the measure ν is locally finite by assumption. Forν-almost every q ∈ Q 1 (S) the horizontal projective measured geodesic lamination π(q) is uniquely ergodic. As a consequence, if q, q ′ ∈ Q(S) are typical for ν and contained in the same strong stable manifold then the orbits of Φ t through q, q ′ are forward asymptotic [M80, V86] . Since the continuous functions with compact support are dense in L 1 (dν), the Hopf argument then shows that for every continuous function f with compact support the limit lim t→∞
exists and is constant along almost all strong stable and strong unstable manifold. From this ergodicity follows as in [Su79] .
The remaining implications in the statement of the lemma are either trivial or standard. Since they will not be used in the sequel, we omit the proof.
The Gromov boundary ∂C(S) of the complex of curves consists of all unmeasured minimal geodesic laminations which fill up S, equipped with a coarse Hausdorff topology (compare [H04] for a discussion of this result of Klarreich [Kl99] ). If we denote by F ML ⊂ PML the Borel set of all projective measured geodesic laminations which are supported in a lamination which is minimal and fills up S then the natural forgetful map F : F ML → ∂C(S) which assigns to a projective measured geodesic lamination in F ML its support is a continuous surjection [Kl99] . More precisely, ∂C(S) can be identified with the quotient of F ML by an equivalence relation with closed equivalence classes. The restriction of the projection map F to RML ⊂ F ML is injective.
Recall from the proof of Proposition 3.3 that there is a number κ > 0 and there is an M(S)-equivariant family of distance functions δ h (h ∈ T (S)) on ∂C(S) depending continuously on h such that δ h ≤ e κd(h,z) δ z for all h, z ∈ T (S).
Let q 0 ∈ Q(S) be any periodic point for Φ t and let q 1 ∈ Q 1 (S) be a lift of q 0 . Then π(q 1 ) is a recurrent point of PML. The restriction of the map π to W su (q 1 ) is a homeomorphism of W su (q 1 ) onto PML − π(−q 1 ). Let RML(q 0 ) ⊂ RML be the subset of all recurrent projective measured geodesic laminations ξ ∈ RML such that there is some q ∈ π −1 (ξ) with the following property. The projection to Q(S) of the orbit of q under the Teichmüller geodesic flow contains q 0 in its ω-limit set. Note that since the set of pairs of fixed points of some pseudo-Anosov element of M(S) is dense in PML × PML − ∆, for every forward recurrent quadratic differential q ∈ Q(S) the ω-limit set of the Φ t -orbit of q contains a periodic orbit for Φ t . By definition, the set RML(q 0 ) is invariant under the action of M(S). Note moreover that an orbit of Φ t in Q(S) which is typical for the Φ t -invariant Lebesgue measure on Q(S) is dense and hence for every periodic point q 0 ∈ Q(S) for Φ t the set RML(q 0 ) has full Lebesgue measure. Write C(q 0 ) = F (RML(q 0 )) ⊂ ∂C(S) and A(q 0 ) = π −1 RML(q 0 ) ⊂ Q 1 (S).
Following [F69] , a Borel covering relation for a Borel subset C of a metric space (X, d) is a family V of pairs (x, V ) where V ⊂ X is a Borel set, where x ∈ V and such that (7) C ⊂ ∪{V | (z, V ) ∈ V for some z ∈ C}.
The covering relation V is called fine at every point of C if for every x ∈ C and every α > 0 there is some (y, V ) ∈ V with x ∈ V ⊂ U (x, α) where U (x, α) denotes the open ball of radius α about x. For q ∈ π −1 F ML and χ > 0 define D(q, χ) to be the closed δ P q -ball of radius χ about F π(q) ∈ ∂C(S). For χ > 0 let V q0,χ be the collection of pairs (ξ, gD(q 1 , χ)) where g ∈ M(S) and ξ ∈ gD(q 1 , χ). We sometimes identify such a pair (ξ, gD(q 1 , χ)) ∈ V q0,χ with the set gD(q 1 , χ) whenever the point ξ has no importance. Write δ = δ P q1 ; we have.
Lemma 6.2: For every periodic point q 0 for the Teichmüller flow Φ t on Q(S) and for every sufficiently small χ > 0 the family V q0,χ is a covering relation for C(q 0 ) ⊂ (∂C(S), δ) which is fine at every point of C(q 0 ).
Proof: Using the above notations, let q 0 ∈ Q(S) be a periodic point for Φ t and let q 1 be a lift of q 0 to Q 1 (S). Choose a number χ > 0 which is sufficiently small that the sets D(q 1 , 8χ) and D(−q 1 , 8χ) are disjoint. Since the map F : F ML → ∂C(S) is continuous and since the same is true for the projection π : Q 1 (S) → PML, there is an open neighborhood U 1 of q 1 in Q 1 (S) with the following properties.
In particular, for q ∈ A(q 0 ) ∩ U 1 the set D(q 1 , χ) contains F π(q) and is contained in D(q, 4χ).
By the construction of the distances δ h (h ∈ T (S)) on ∂C(S) it suffices to show that for every q ∈ A(q 0 ) and every α > 0 there is a set V ∈ V q0,χ which contains F (π(q)) and is contained in the open δ P q -ball of radius α about F (π(q)).
Recall from Section 3 the definition of the map Υ T : T (S) → C(S). There is a constant L ≥ 1 such that d(Υ T (P q), Υ T (P y)) ≤ Ld(P q, P y)+L for all q, y ∈ Q 1 (S) (where we denote by d both the Teichmüller distance on T (S) and the natural distance on the curve graph C(S)). After possibly enlarging L we may assume that the image under Υ T of every Teichmüller geodesic is an unparametrized L-quasigeodesic in C(S) [MM99, H06b] . This means that for every q ∈ Q 1 (S) there is an increasing homeomorphism σ q : R → R such that the curve t → Υ T (P Φ σq (t) q) is an L-quasi-geodesic in C(S). If q ∈ A(q 0 ) then this unparametrized quasi-geodesic converges as t → ∞ in C(S) ∪ ∂C(S) to the point F (π(q)) ∈ ∂C(S) (see [Kl99, H04, H06b] ). In particular, for q ∈ A(q 0 ) and every T > 0 there is a number
For q ∈ A(q 0 ) and T > 0 choose some t > τ (q, T ) such that Φ t q ∈Ũ = ∪ g∈M(S) U 1 ; such a number exists by the definition of the set A(q 0 ) and by [M80] . Then there is a universal constant c > 0 only depending on the distance functions δ h (h ∈ T (S)), the hyperbolicity constant for C(S) and the constant L > 0 such that D(Φ t q, 4χ) is contained in the δ P q -ball of radius ce −κT about F π(q). Now if g ∈ M(S) is such that Φ t q ∈ gU 1 then we obtain from 2) above and equivariance under the action of the mapping class group that F π(q) = F π(Φ t q) ∈ gD(q 1 , χ) ⊂ D(Φ t q, 4χ) which shows the lemma.
The next proposition is the main technical result of this section. For its formulation, recall from [F69] the definition of a Vitali relation for a finite Borel measure on the Borel subset C(q 0 ) of C(S). We show.
Proposition 6.3: Let q 0 ∈ Q(S) be a periodic point for the Teichmüller geodesic flow. Then for every sufficiently small χ > 0 the covering relation V q0,χ for C(q 0 ) is a Vitali relation for every conformal density on PML which gives full measure to the set RML(q 0 ).
Proof: Let q 0 ∈ Q(S) be a periodic point for Φ t and let {ν x } be a conformal density of dimension α ≥ 0 which gives full measure to the set RML(q 0 ). We may assume that the density is ergodic, i.e. that the M(S)-invariant measure class it defines on PML is ergodic.
Let q 1 ∈ Q 1 (S) be a lift of q 0 . Since no torsion element of M(S) fixes pointwise the Teichmüller geodesic defined by q 1 we may assume that the point x = P q 1 ∈ T (S) is not fixed by any nontrivial element of the mapping class group. The measure ν x induces a Borel measure on the set C = F (RML(q 0 ) − π(−q 1 )) ⊂ ∂C(S). By Lemma 6.2 and using the notations from this lemma, for every sufficiently small χ > 0 the covering relation V q0,χ for C ⊂ (∂C(S), δ q1 ) is fine at every point of C.
Let again d be the distance on T (S) defined by the Teichmüller metric. Choose a number r > 0 which is sufficiently small that the images under the action of the mapping class group of the closed d-ball of radius 5r about P q 1 are pairwise disjoint. For q ∈ Q 1 (S) and R > 0 define B(q, R) = {u ∈ W su (q) | d(P q, P u) ≤ R}. Then B(q, R) is a compact neighborhood of q in W su (q) with dense interior which depends continuously on q in the following sense. If q i → q in Q 1 (S) then B(q i , R) → B(q, R) in the Hausdorff topology for compact subsets of Q 1 (S). By continuity of the projection π there is an open neighborhood U 1 of q 1 in Q 1 (S) such that πB(z, r) ⊂ πB(q, 2r) for all z, q ∈ U 1 and that moreover the projection P U 1 of U 1 to T (S) is contained in the open ball of radius r about P q 1 . This implies in particular that gU 1 ∩ U 1 = ∅ for every nontrivial element g ∈ M(S).
The closure K of PML − πB(q 1 , r) in PML is compact, with non-empty complement. Since the map F is closed, the set F (K ∩ F ML) is a closed subset of ∂C(S). The restriction of the map F to the dense set RML ∋ π(q 1 ) is a homeomorphism onto its image and therefore the complement of F (K ∩ F ML) in ∂C(S) is open and nonempty and contains the point F (π(q 1 )). As a consequence, there is a number β > 0 such that F (πB(q 1 , r) ∩ F ML) contains the δ = δ P q1 -ball D(q 1 , 8β) of radius 8β > 0 about F π(q 1 ).
Since the map F • π : π −1 (F ML) → ∂C(S) is continuous there is an open connected neighborhood U 2 ⊂ U 1 of q 1 in Q 1 (S) with the property that for all z ∈ U 2 ∩ A(q 0 ) we have F π(z) ∈ D(q 1 , β). By the properties of the distance functions δ z we may moreover assume that
and V ⊂ D(Φ t q, 2χ) (see the sentence before the inclusion 12 above) and hence
In other words, using once again the choice of the set K and invariance under the action of the mapping class group, there is some u ∈ A(q 0 ) ∩ W su (Φ t q) with F (π(u)) ∈ D(Φ t q, 2χ) and with the property that
By the inclusion 12, since u ∈ W su (Φ t q)∩A(q 0 ), Φ t q ∈ gK and F π(u) ∈ D(Φ t q, 2χ) we have u ∈ gU 3 ∩ A(q 0 ) and hence D(Φ s−t u, 8χ) ⊂ D(u, β) by 11 above. Then from the inclusion 9 above we obtain
By invariance under the action of the mapping class group, the ν Φ t q -mass of
Therefore by the transformation rule for the measures ν z under the action of the Teichmüller geodesic flow, the ν 1 -mass ofV is bounded from above by a fixed multiple of the ν 1 -mass of V .
Thus by the results of Federer [F69] and by Lemma 6.2, the covering relation V q0,χ is indeed a Vitali relation for ν x , and the same is true for V q0,ǫ for ǫ < χ.
Using Lemma 6.1, Lemma 6.2 and Proposition 6.3 we can now show.
Corollary 6.4: A conformal density on PML which gives full measure to the recurrent points is of dimension 6g−6+2m and coincides with the Lebesgue measure up to scale.
Proof: Let {ν
x } be a conformal density of dimension α ≥ 0 which gives full measure to the recurrent points. We may assume that the density is ergodic, i.e. that the M(S)-invariant measure class it defines on PML is ergodic. Let moreover {λ x } be the conformal density of dimension h = 6g − g + 2m which defines the Φ t -invariant probability measure on Q(S) in the Lebesgue measure class. We have to show that ν x = λ x up to scale. For this assume first that α ≥ h.
Let q 0 ∈ Q(S) be a periodic point for Φ t with the property that the measure ν x gives full mass to RML(q 0 ); such a point exists by our above considerations. Let q 1 ∈ Q 1 (S) be a lift of q 0 to Q 1 (S). Recall that the conformal densities {ν x }, {λ x } define families ν su , λ su of Radon measures on the strong unstable manifolds. For q ∈ Q 1 (S) denote by ν q , λ q the image under the map F • π of the restriction of these measures to the strong unstable manifold W su (q). By Proposition 6.3, for sufficiently small χ > 0 the covering relation V q0,χ is a Vitali relation for the measures ν q1 and λ q1 on ∂C(S). Thus by Proposition 6.3 and its proof, if the measures ν q1 , λ q1 are singular then there is a small neighborhood U of q 1 in Q 1 (S) and for ν q1 -almost every q ∈ W su (q 1 ) there is a sequence t i → ∞ such that for every i > 0 the following holds.
(1) Φ ti q ∈ g i U for some g i ∈ M(S). (2) The ν Φ t i q -mass and the λ Φ t i q -mass of D(g i q 1 , χ) is bounded from above and below by a universal constant. (3) The limit lim i→∞ λ q1 (D(g i q 1 , χ))/ν q1 (D(g i q 1 , χ)) exists and equals zero.
In particular, for every k > 0 and all sufficiently large i, say for all i ≥ i(k), we have ν q1 D(g i q 1 , χ) ≥ kλ q1 D(g i q 1 , χ). On the other hand, we also have
for a universal constant c > 0 and λ q1 D(g i q 1 , χ) ≥ de −hti for a universal constant d > 0. If k > 0 is sufficiently large that kd ≥ 2c then for i ≥ i(k) we obtain a contradiction.
In other words, if α ≥ h then the measures {ν x } and {λ x } are absolutely continuous. Then they define absolutely continuous Φ t -invariant Radon measures on Q(S) which by Lemma 6.1 are ergodic. This implies that the measures {ν x }, {λ x } coincide up to scale. However, in the case α ≤ h we can exchange the roles of λ and ν in the above argument and obtain once more that ν x , λ x coincide up to scale.
For every point x ∈ T (S) and every λ ∈ PML there is a unique quadratic differential q(x, λ) ∈ Q 1 (S) x of area one at x whose horizontal measured geodesic lamination q h (x, λ) is contained in the class λ. The assignment λ → q h (x, λ) determines a homeomorphism PML × R → ML by assigning to (λ, t) ∈ PML × R the measured geodesic lamination e t q h (x, λ). A conformal density {ν y } of dimension α then defines a Radon measure Θ ν on ML via dΘ ν (λ, t) = dν x (λ) × e αt dt where λ ∈ PML, t ∈ R. By construction, this measure is quasi-invariant under the oneparameter group of homotheties T t on ML given by T t λ = e t λ. More precisely, we have
αt . The measure Θ ν is moreover invariant under the action of the mapping class group M(S). Namely, for λ ∈ PML and g ∈ M(S) we have
Now by the definition of a conformal density, for ν x -almost every ξ ∈ PML the Radon Nikodym derivative of the measure ν
with respect to ν x at ξ equals e αΨ(x,g(x),ξ) . On the other hand, the lamination g(q h (x, ξ)) = q h (g(x), g(ξ)) just equals e Ψ(x,g(x),g(ξ)) q h (x, g(ξ)) and therefore the measure Θ ν is indeed invariant under the action of M(S).
The next proposition uses Sarig's cocycle reduction theorem [S04] as its main tool and completes the proof of Theorem B from the introduction. For its formulation, define a measured geodesic lamination λ ∈ ML to be recurrent if its projective class in PML is recurrent as defined in the beginning of this section. Proof: Define a measurable countable equivalence relation R on PML by χRξ if and only if χ and ξ are contained in the same orbit for the action of the mapping class group. Recall the definition of the cocycle Ψ : T (S) × T (S) × PML → R. For a fixed point x ∈ T (S) we obtain a real-valued cocycle for the action of M(S) on PML, again denoted by Ψ, via Ψ(λ, g) = Ψ(x, g −1 x, λ) (λ ∈ PML and g ∈ M(S)). Clearly we have Ψ(λ, gh) = Ψ(λ, g) + Ψ(gλ, h) (where by convention, gh(x) = h(gx)), i.e. Ψ is indeed a cocycle which can be viewed as a cocycle on R. We also write Ψ(λ, ξ) instead of Ψ(λ, g) whenever ξ = gλ; note that this is only well defined if λ is not fixed by any element of M(S), however this ambiguity will be of no importance for the sequel. Recall that our choice of a point x ∈ T (S) determines a homeomorphism ML → PML × R. The cocycle Ψ then defines an equivalence relation R Ψ on ML = PML × R by R Ψ = {((x, ξ), (y, η)) ∈ (PML × R) 2 | (x, y) ∈ R and η − ξ = Ψ(x, y)}.
Let η be an ergodic M(S)-invariant Radon measure on ML. Define H η = {a ∈ R | η • T a ∼ η}. Then H η is a closed subgroup of R. Moreover, if H η = R then η is induced by a conformal density as defined in the beginning of this section [ANSS02] . In particular, by Corollary 6.4 and our assumption on η, in this case the measure η equals the Lebesgue measure up to scale.
Thus for the proof of our proposition it is enough to consider the case that H η = R. Then we have H η = cZ for a number c ≥ 0.
By the cocycle reduction theorem of Sarig (Theorem 2 of [S04] ), there is a Borel function u : PML → R such that Ψ u (x, y) = Ψ(x, y) + u(y) − u(x) ∈ H η holds η-almost everywhere in R Ψ . Consider first the case that c > 0. Then we may assume without loss of generality that the function u is bounded. Following [S04] , for a ∈ R define θ a (x, t) = (x, t − u(x) − a). By Lemma 2 of [S04] , for a suitable choice of a the measure η • θ −1 a is an R Ψu -invariant ergodic Radon measure supported on PML × cZ.
We now follow Ledrappier and Sarig [LS06] (see also [Ld06] ). Namely, since η is invariant and ergodic under the action of M(S) and since the R-action on ML commutes with the M(S)-action, the measure η • T t is also M(S)-invariant and ergodic. Thus either η • T t and η are singular or they coincide up to scale. As a consequence, there is some number α ∈ R such that η • T c = e αc η. Since θ = θ a and T t commute, we also have η • (θ −1 • T c ) = e αc η • θ −1 . Consequently the measure e −αt dη • θ −1 is invariant under the translation T c . Since moreover e −αt η • θ −1 is supported in PML× cZ, it follows that e −αt dη • θ −1 = ν × m Hη with some measure ν on PML.
The measure ν is finite since η • θ −1 is Radon. The measure η is M(S)-invariant and therefore η • θ −1 is invariant under θ • M(S) • θ −1 . In particular, the measure class of ν is invariant under the action of M(S). More precisely, we have dν • g dν (ξ) = e αΨ(ξ,g) e −αu (ξ) e −αu(g(ξ)) for all g ∈ M(S) and ν-almost every ξ ∈ PML (see [LS06] ). As a consequence, if we define ν x = e αu ν and dν y (ξ) = e αΨ(x,y,ξ) dν x (ξ) for y ∈ T (S) then {ν y } defines a conformal density of dimension α on PML. Note that the measure e αu ν is finite since the function u is bounded. Now η gives full mass to the recurrent measured geodesic laminations and hence ν gives full measure to the recurrent projective measured geodesic laminations. By Proposition 6.3, this implies that the conformal density {ν x } coincides up to scale with the Lebesgue measure which contradicts our assumption that H η = cZ for some c > 0.
In the case c = 0 the measure η gives full mass to the graph {(x, u(x)) | x ∈ PML} of the function u. In particular, η projects to an M(S)-invariant measure classη on PML which gives full mass to the set RML of recurrent points. We may assume that this measure class is ergodic under the action of M(S). Note moreover that η gives full mass to the set of measured geodesic laminations whose projectivizations are not fixed by any element of the M(S). Namely, otherwise η is purely atomic by ergodicity and it projects to a measure class on PML which gives full mass to the fixed points of the conjugacy class of a non-trivial pseudo-Anosov element g. But then H η contains the subgroup of Z generated by the translation length for the action of g ∈ M(S) on T (S) and hence H η = {0}.
For every q ∈ Q 1 (S), the assignment which associates to a quadratic differential z ∈ W u (q) its horizontal measured geodesic lamination is a homeomorphism onto its image. Thus the measure η lifts to a family η u of Radon measures on the leaves of the unstable foliation which are invariant under the action of the mapping class group and under the holonomy along the leaves of the strong stable foliation. Let λ ss be the family of Lebesgue measures on strong stable manifolds. For every q ∈ Q 1 (S) there is a neighborhood U of q in Q 1 (S), a neighborhood U 1 of q in W ss (q), a neighborhood U 2 of q in W u (q) and a homeomorphism ψ = (ψ 1 , ψ 2 ) : U → U 1 × U 2 with the property that ψ 1 (z) ∈ W u (z), ψ 2 (z) ∈ W ss (z). Define a measure ν on U by associating to a Borel subset A of U the mass ν(A) = U2 λ ss (A∩W ss (z))dη u (z). By invariance of the measures η u under holonomy along strong stable manifolds, this definition is independent of the choices made and defines a Radon measure on U which naturally extends to a Radon measure ν on Q 1 (S). By construction, the measure ν is invariant under the action of the mapping class group and hence it projects to a Radon measure on Q(S) which we denote by the same symbol.
The group SL(2, R) naturally acts on Q(S) as a group of transformations, where the action of the diagonal subgroup corresponds to the Teichmüller geodesic flow. Let H < SL(2, R) be the unipotent subgroup of SL(2, R) which consists of the upper triangular matrices with trace two. Note that the group H is isomorphic to the additive group R and hence H defines a flow H t on Q(S). The flow line of H t through q ∈ Q(S) is contained in W ss (q). Since the measures λ ss are invariant under the action of the group H t [M82] and since the measures η u are invariant under holonomy along strong stable manifolds, the measure ν on Q(S) is H t -invariant.
By a result of Veech [V99] as strengthend by Minsky and Weiss (Section 7 of [MW02] ), every ergodic component of ν has finite measure. More precisely, there are H t -invariant measurable subsets A i , i = 0, 1, . . . such that ν(Q(S) − ∪ i A i ) = ∅ and that ν(A i ) < ∞. Even more can be said. Namely, let ξ ∈ ML be a density point for the measure η and letq ∈ Q 1 (S) be a quadratic differential with horizontal measured geodesic lamination ξ and such that the support of the vertical measured geodesic lamination ofq is both minimal and maximal. Thenq has only simple zeros. Let q be the projection ofq to Q(S). By Theorem H1 of [MW02] there is an open neighborhood U of q in Q(S) consisting of quadratic differentials with only simple zeros and there is a compact subset K of Q(S) such that for every z ∈ U we have lim inf 
